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Let R be a linear subset of the space B(H) of bounded operators on a Hilbert
space H with an orthonormal basis. It is shown constructively that if the unit ball
of R is weak-operator totally bounded, then an ultraweakly continuous linear
functional on R extends to one on B(H), and the extended functional has the
form T [ n=1 (Txn , yn) , where 

n=1 &xn&
2 and n=1 &yn &
2 are convergent
series in R.  2000 Academic Press
1. INTRODUCTION
Let H be a Hilbert space over C, and R a linear subset of the space
B(H) of all bounded linear operators on H. In this paper we consider, con-
structively, the extension and characterisation of linear functionals on R
that are continuous with respect to the following topologies on B(H) :
v the weak-operator topology {w the weakest topology such that
the mapping T [ (Tx, y) is continuous on B(H) for all x, y in H;
v the ultraweak-operator topology {_w the weakest topology such
that the mapping T [ n=1 (Txn , yn) is continuous on B(H) for all
elements (xn)n=1 and ( yn)

n=1 of the direct sum H=

n=1 H of a
sequence of copies of H.
Note that these two topologies coincide on the unit ball
B1(H)=[T # B(H) : \x # H (&Tx&&x&)]
of B(H), which is {w -, and hence {_w -, totally bounded [6].1
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1 In contrast to the classical situation, it cannot be proved constructively that B1(H) is
{w-complete; see [4].
If f is a {_w -continuous, and therefore {_w -uniformly continuous, linear
functional on R, then we can extend it by continuity to the von Neumann
algebra A generated by R. It follows classically from (7.4.5) on page 483
of [14] that f is {_w -continuous on A. The HahnBanach Theorem then
enables us to extend f to a {_w -continuous linear functional on B(H); in
turn, a beautiful argument [12] using the HahnBanach Theorem and the
Riesz Representation Theorem shows that the extended functional has the
form
T [ :

n=1
(Txn , yn), (1)
where (xn)n=1 and ( yn)

n=1 are elements of H . (It is easy to show, conver-
sely, that any linear functional on B(H) of this form is {_w -continuous.)
This conclusion can also be established, not just for {_w -continuous linear
functionals on B(H) but also for those on a general von Neumann algebra,
by deeper results in von Neumann algebra theory; see pages 481483 of
[14].
What can we say constructively2 about this situation? It is shown in [8]
that f has the form (1) in the case R=B(H). This is not enough to deal
with the general case, in which the extension of f to B(H) cannot be
accomplished by a simple application of the HahnBanach Theorem, since
the constructive form of that theorem requires stronger hypotheses than
those of its classical counterpart; nor is the constructive theory of von
Neumann algebras sufficiently developedindeed, the work presented
below is one of the first steps towards such a development; see also [7]
to accommodate the more advanced classical method of characterising
{_w -continuous linear functionals. Nevertheless, as we show in this paper,
we can extend f to B(H) constructively under the assumption (which holds
in classical mathematics) that R1 is {w -totally bounded; the extension is
accomplished by an iterative use of our main lemma, and ultimately incor-
porates a new demonstration that f has the form (1).
We assume that the reader has access to the relevant material on the
constructive theory of normed and Hilbert spaces, as found in [2] and
[3]. We note that
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2 By constructive mathematics we mean mathematics developed with intuitionistic logic.
Without advocating the use of intuitionistic logic for all mathematics, we point out that
theorems proved with that logic have more interpretationsincluding ones within recursive
mathematics and various systems, such as Weihrauch’s TTE ([17], [18]), designed to for-
malise ‘‘computable analysis’’than do their counterparts proved with classical logic. For
more on this view of constructive mathematics see [15] or [5]. More traditional construc-
tivist viewpoints are described in [16], [9], and [1].
v a subset S of a metric space X is located (in X) if
\(x, S)=inf [\(x, s) : s # S]
exists for each x # X;
v we cannot prove constructively that every bounded linear map-
ping u between normed spaces is normablethat is, has a norm3
&u&=sup [&u(x)& : &x&1];
v a bounded linear functional f is normable if and only if its kernel
is located ([3], page 303, Proposition (1.10)).
We need some preliminary information about orthonormal bases and the
weak-operator topology.
An orthonormal basis for our Hilbert space H is a set of pairwise
orthogonal unit vectors that generate a dense subspace of H. This defini-
tion is different to, and more tractable than, the sequential one given, in the
separable case, by Bishop [2].
We assume that H has an orthonormal basis E. Classically, an application
of Zorn’s Lemma shows that this assumption is redundant; but Zorn’s
Lemma has every appearance of being essentially nonconstructive. (Note
that the axiom of choice, to which Zorn’s Lemma is classically equivalent,
entails the law of excluded middle [13].)
In order to make sense of Parseval’s formula and related matters
associated with orthonormal bases, we need to clarify what we mean by a
sum over an arbitrary index set. If (ri) i # I is a family of nonnegative real
numbers, then we define i # I ri to be supF i # F ri , where F ranges over
the finite subsets of I. This agrees with the standard definition when I is the
set N+ of positive integers. With this definition at hand, we can establish
identities, such as
&x&2= :
e # E
|(x, e) |2,
familiar from the classical theory of Hilbert spaces.
We denote by px, y the seminorm T [ |(Tx, y) | on B(H). The weak-
operator topology is the topology generated on B(H) by the seminorms
px, y as x and y range over H. Our first lemma shows that when dealing
with the weak-operator topology on B1(H), we need only concern our-
selves with the seminorms pe, e$ where e, e$ # E.
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3 Nevertheless, we write &u&c when &u(x)&c&x& for all x, even if we do not know that
u has a norm. Other such inequalities involving classical norms that may not exist construc-
tively will be interpreted in the obvious, analogous manner.
Lemma 1. The sets of the form
U(F, =)=[T # B(H) : \e, e$ # F ( pe, e$ (T)<=)],
with F a finite subset of E and =>0, form a base of neighbourhoods of 0 in
the weak-operator topology on B1(H).
We omit the proof, which comprises relatively straightforward computations.
It is convenient to put here a lemma that will not be used until the very
end of the paper. First, we define a linear mapping T [ T of B(H) into
B(H) as follows:
T x=(Txn)n=1
for each T in B(H) and each x=(xn)n=1 in H . This mapping is
isometric: &T&=&T & for all T # B(H).
Let X be a locally convex space, with topology { defined by a family
( pi) i # I of seminorms, and let S be a subset of X. For each finitely
enumerable4 subset F of I we say that S is {-totally bounded relative to F
if for each =>0 there exists a finitely enumerable subset S= of S, called a
finitely enumerable =-approximation to S relative to F, with the following
property: for each x # S there exists s # S= such that  i # F pi (x&s)<=. We
say that S is {-totally bounded if it is {-totally bounded relative to each
finitely enumerable subset of I.
In view of Lemma 1, when X=B1(H) and { is {w or {_w , to prove the
total boundedness of S it suffices to consider only the cases where F is a
subset of E.
Lemma 2. Let R be a linear subset of B(H), and let
R =[T : T # R].
(i) If the unit ball R1=[T # R : &T&1] is {w -(and hence {_w -)
totally bounded, then the unit ball of R is {w -totally bounded.
(ii) If f is a {_w -continuous linear functional on R, then f (T )= f (T )
defines a {w -continuous linear functional on R . If also R1 is {w -totally
bounded, then both f and f have norms, and these norms are equal.
Proof. Assume first that R1 is {_w -totally bounded. Fixing a finitely
enumerable set F/H and a positive number =, choose N such that
:
x, y # F
:

n=N+1
&xn&&yn &<=.
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4 A set S is finitely enumerable if there exist a natural number n and a mapping, not
necessarily one-one, of [1, ..., n] onto S.
Since R1 is {w -totally bounded, it contains a finitely enumerable subset
[T1 , ..., Tm] such that for each T # R1 there exists k (1km) such that
:
x, y # F
:
N
n=1
|( (T&Tk) xn , yn) |<=.
For such T and k we have
:
x, y # F
|( (T & Tk
t
) x, y) |
 :
x, y # F } :
N
n=1
( (T&Tk) xn , yn) }+ :x, y # F } :

n=N+1
( (T&Tk) xn , yn) }
<=+2 :
x, y # F
:

n=N+1
&xn&&yn &
<3=.
Hence [ T1
t
, ..., Tm
t
] is a finitely enumerable 3=-approximation to R 1
relative to the family of seminorms T [ |(T x, y) | (x, y # F ). Since F and =
are arbitrary, this proves (i).
Now let f be a {_w -continuous linear functional on R, and define a linear
functional f on R by
f (T )= f (T ).
By Proposition (1.2.8)(iii) of [14], there exist a positive constant C and a
finitely enumerable set F/H such that for each T # R,
| f (T )|=| f (T )|C sup
x, y # F } 

n=1
(Txn , yn) }=C supx, y # F |(T x, y) |.
Hence f is {w-(uniformly) continuous on R . If also R1 is {w -totally
bounded, then it is {_w-totally bounded; so, by (i), the unit ball R 1 of R
is {w-totally bounded. Since the infimum of a uniformly continuous real-
valued function on a totally bounded subset of a locally convex space exists
([11], Corollary 5), we see that both f and f have norms. Finally,
& f &=sup [ | f (T )| : T # R 1]
=sup [ | f (T )| : T # R1]=& f &. Q.E.D.
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2. AN EXTENSION THEOREM
Our aim in this Sectionindeed, in the whole paperis to prove the
following extension-characterisation theorem for {_w -continuous linear
functionals.
Theorem 3. Let H be a Hilbert space with an orthonormal basis E, and
let R be a linear subset of B(H) whose unit ball R1=R & B1(H) is
{w -totally bounded. Then each {_w -continuous linear functional f on R
extends to a {_w -continuous linear functional on B(H) and has the form
f (T)= :

n=1
(Txn , yn) (2)
with (xn), ( yn) elements of the direct sum H=n=1 H.
To this end, we now establish a number of technical results. The proofs
of the first two of these, which are fundamental results in the duality theory
of normed spaces, are found on page 341 of [3].
Proposition 4. Let x0 be an element of a separable normed space X, and
S a bounded, balanced, convex subset of X. Suppose that S is located and
that
0<d=inf [&x&x0& : x # S].
Then for each =>0 there exists a linear functional u on X such that &u&=1
and
u(x0)>|u(x)|+d&= (x # S).
Proposition 5. Let x0 be an element of a nontrivial separable normed
space X, and = a positive number. Then there exists a linear functional u on
X such that &u&=1 and u(x0)>&x0 &&=.
We omit the proof of our next lemma, since it is a special case of
Proposition 15 in [11].
Lemma 6. Let R be a linear subset of B(H) with {w -totally bounded unit
ball, and let f be a nonzero {w -continuous linear functional on R. Then the
unit kernel R1 & f &1 (0) of f is {w-totally bounded.
Lemma 7. Let R be a linear subset of B(H), and let f be a {w-continuous
linear functional on R. For each =>0 there exist $>0 and a finite subset F
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of E with the following property: if T # R1 , if [e1 , ..., en] is a finite subset of
E containing F, and if
} :
n
k=1
(Txk , ek) }<$
for all x1 , ..., xn in the unit ball of span [e1 , ..., en], then | f (T )|<=.
Proof. Given =>0, use Lemma 1 and the {w -uniform continuity of f on
R1 to find $>0 and a finite subset F of E such that | f (T )|<= whenever
T # R1 and pe, e$ (T)<$ for all e, e$ # F. Let [e1 , ..., en] be a finite subset of
E containing F, and let T be an element of R1 such that
} :
n
k=1
(Txk , ek) }<$
for all vectors x1 , ..., xn in the unit ball of span[e1 , ..., en]. Given i, j with
1i, jn, take
xk={ej0
if k=i
if k{i,
to obtain pej , ei (T )=|(Tej , ei) |<$. In particular, pe, e$ (T )<$ for all
e, e$ # F, so | f (T )|<=. Q.E.D.
The proofs of the next lemma and our main theorem are modelled on
Bishop’s proof of the characterisation of linear functionals on the dual of
a normed space ([3], p. 354357).
Lemma 8. Let R and f be as in Lemma 6, and let =>0. There exists a
finite subset F of E with the following property: if [e1 , ..., en] is a finite sub-
set of E containing F, then there exist x1 , ..., xn and y1 , ..., yn in
span [e1 , ..., en] such that
\ :
n
k=1
&xk&2+
12
5& f &,
\ :
n
k=1
&yk&2+
12
=n&1,
and
} f (T)& :
n
k=1
(Txk , yk) }<= (T # R1).
Proof. We may assume that there exists T0 # R1 such that f (T0)=1.
Given = such that 0<=<14, set
:=
=
5& f &(1+& f &)
.
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Using Lemma 7, find $>0 and a finite subset F of E such that if T # R1 ,
if S=[e1 , ..., en] is a finite subset of E containing F, and if
} :
n
k=1
(Txk , ek) }<$
for all x1 , ..., xn in the unit ball of H0=span[e1 , ..., en], then | f (T )|<:2.
For such S let
yk=n&32 ek (1kn);
then (nk=1 &yk&
2)12=n&1. For all x=(x1 , ..., xn) in the direct sum
H n0=
n
k=1 H0 , since the unit kernel
N1=R1 & f &1 (0)
of f is {w-totally bounded (by Lemma 6), and since the mappings
T [ (Txk , yk) (1kn) are {w-uniformly continuous on N1 , the real
number
&x&0=sup {} :
n
k=1
(Txk , yk} : T # N1=
exists. Note that & }&0 is a seminorm on H n0 . Since, for each T # B(H),
} :
n
k=1
(Txk , yk) }\ :
n
k=1
&Txk&2+
12
\ :
n
k=1
&yk &2+
12
&T& \ :
n
k=1
&xk &2+
12
n&1,
we see that
&x&0&x&=\ :
n
k=1
&xk&2+
12
;
whence the mapping x [ &x&0 is uniformly continuous. As H n0 is finite-
dimensional, it follows that
;=inf [&x&0 : x # H n0 , &x&=1]
exists. We show that ;<:.
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Since either ;>0 or ;<:, we may assume that ;>0. It follows from the
definition of ; that ; &x&&x&0 for each x # H n0 ; whence & }&0 is a norm on
H n0 , and (H
n
0 , & }&0) is a finite-dimensional Banach space. Define the norm
on the dual space (H n0)* of (H
n
0 , & }&0) in the usual way:
&u&0=sup [ |u(x)|: x # H n0 , &x&01];
and define a mapping F : N1  (H n0)* by
F(T )(x)= :
n
k=1
(Txk , yk) (T # N1 , x # H n0).
For each x # H n0 the mapping T [ F(T )(x) is {w -uniformly continuous on
N1 ; so F is uniformly continuous as a mapping from (N1 , {w) into (H n0)*
with the weak* topology. Since (H n0)* is finite-dimensional, F is {w-uni-
formly continuous as a mapping from N1 to (H n0)* with the norm topo-
logy. Therefore, N1 being {w -totally bounded, the range ran(F ) of F is
totally bounded and hence located in (H n0)*. We show that ran(F ) is dense
in the unit ball (S0*, & }&0) of (H n0)*. To this end, fix u in S0* and suppose
that
0<#=\0(u, ran(F ))=inf [&u&F(T )& : T # N1].
Since ran(F ) is located, bounded, balanced, and convex, we see from
Proposition 4 that there exists a normable linear functional 8 on
((H n0)*, & }&
0) such that
8(u)>|8(F(T ))|+#2 (T # N1).
By Corollary (6.9) on page 357 of [3], there exists ! # H n0 such that
8(v)=v(!) for each v # (H n0)*. (Recall that as (H
n
0)* is a finite-dimensional
Banach space, the topology induced on it by the norm & }&0 is equivalent
to the weak* topology.) Therefore
u(!)>sup [ |F(T )(!)| : T # N1]
=sup {} :
n
k=1
(T!k , yk) } : T # N1==&!&0 ,
which is absurd as u belongs to S0*. We conclude that #=0, and hence that
ran(F ) is dense in S 0*.
Now let x be any element of the unit ball of (H n0 , & }&0). Since
} :
n
k=1
(;T0 xk , yk) }; &x&&x&0 ,
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the linear functional x [ nk=1 (;T0 xk , yk) belongs to S0*. As ran(F ) is
dense in S 0*, there exists an element T of N1 such that
} :
n
k=1
( (;T0&T ) xk , yk) }<2$
and therefore
} :
n
k=1
( 12 (;T0&T ) xk , yk) }<$
for each x in the unit ball of H n0 . Now, ;1 and both T and T0 belong
to R1 , so
1
2 (;T0&T ) # R1 ; hence
| f ( 12 (;T0&T ))|<:2
and therefore
;=;f (T0)& f (T )=2 f ( 12 (;T0&T ))<:,
which embodies the inequality that we wanted to establish.
Now choose z # H n0 such that &z&=1 and
} :
n
k=1
(Tzk , yk) }<: (T # N1).
For each T # R1 , since
(1+& f &)&1 (T& f (T ) T0) # N1 ,
we have
(1+& f &)&1 } :
n
k=1
( (T& f (T ) T0) zk , yk) }<:.
On the other hand, by Proposition 5, there exists v # S0* such that v(z)= 12 .
Since ran(F ) is dense in (S 0*, & }&0), there exists T1 # N1 such that
}v(x)& :
n
k=1
(T1 xk , yk) }< 14 (x # H0 , &x&01).
In particular,
} 12& :
n
k=1
(T1zk , yk) }< 14
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and therefore
1
4 } :
n
k=1
(T1zk , yk) }
 } :
n
k=1
( (T1& f (T1) T0) zk , yk) }+ } :
n
k=1
( f (T1) T0zk , yk) }
(1+& f &) :+& f & } :
n
k=1
(T0 zk , yk) } .
Hence
} :
n
k=1
(T0 zk , yk) }& f &&1 ( 14&(1+& f &) :)> 15 & f &&1
(Note that :<120.) Writing
x=\ :
n
k=1
(T0 zk , yk)+
&1
z,
we have &x&5 & f &. Also, for each T # R1 ,
} :
n
k=1
(Txk , yk)& f (T )}= } :
n
k=1
(T0zk , yk) }
&1
} :
n
k=1
( (T& f (T ) T0) zk , yk) }
<5 & f &(1+& f &) :
==. Q.E.D.
We are now in a position to give the
Proof of Theorem 3. We first consider the case where f is a {w-con-
tinuous linear functional on R. We may assume that & f &<1. Setting n1=1
and x1, 1= y1, 1=0, we construct a strictly increasing sequence (n j)j=1 of
positive integers, and, for each j, elements x ( j)1 , ..., x
( j)
nj
and y ( j)1 , ..., y
( j)
nj
of H,
such that
\ :
nj
k=1
&x ( j)k &2+
12
5.2& j,
\ :
nj
k=1
&y ( j)k &
2+
12
=n&1j ,
and
} f (T)& :
j
i=1
:
ni
k=1
(Tx (i)k , y
(i)
k ) }<2& j (T # R1). (3)
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To do so, we use induction on j. Supposing that nj and the corresponding
elements x ( j)k and y
( j)
k (1knj) of H have been constructed, we have
either & f & <2& j&1 or & f &>0. In the first case we set nj+1=nj+1 and
x( j+1)nj+1 = y
( j+1)
nj+1
=0. In the second, applying Lemma 8 to the {_w -conti-
nuous linear functional
T [ f (T)& :
j
i=1
:
ni
k=1
(Tx (i)k , y
(i)
k )
on R, we obtain a positive integer nj+1>nj , and elements x ( j+1)k ,
y( j+1)k (1knj+1) of H, such that
\ :
nj+1
k=1
&x ( j+1)k &2+
12
5.2& j&1,
\ :
nj+1
k=1
&y ( j+1)k &
2+
12
=n&1j+1 ,
and
} f (T )& :
j+1
i=1
:
ni
k=1
(Tx (i)k , y
(i)
k ) }<2& j&1 (T # R1).
This completes the induction.
Now define sequences x, y of elements of H as follows:
x=(x (1)1 , ..., x
(1)
n1
, x (2)1 , ..., x
(2)
n2
, x (3)1 , ..., x
(3)
n3
, ...)
and
y=( y (1)1 , ..., y
(1)
n1
, y (2)1 , ..., y
(2)
n2
, y (3)1 , ..., y
(3)
n3
, ...).
Writing x=(xn) and y=( yn), we see that the series k=1&xk &
2 and
k=1 &yk &2 converge, by comparison with 52 j=1 2&2j and j=1 n&2j ,
respectively; so x, y # H , and the series n=1(Txn , yn) converges
absolutely for each T # B(H). It follows from (3) that (2) holds, and hence
that f extends to a {_w -continuous linear functional on B(H).
It remains to consider the case where f is {_w -continuous. Define R and
f as after Lemma 1. Since R 1 is weak-operator totally bounded and f is
weak-operator continuous on R , the first part of this proof, together with
Lemma 2, provides sequences (!k)

k=1 , (’k)

k=1 of elements of H such
that
f (T )= :

k=1
(T !k , ’k)= :

k=1
:

i=1
(T!k, i , ’k, i) (T # R),
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where !k=(!k, i)i=1 and ’k=(’k, i)

i=1 . Let , be a one-one mapping of N
+
onto N+_N+, and set xn=!,(n) , yn=’,(n) . By Fubini’s Theorem, the
series
:

k, i=1
&!k, i&2, :

k, i=1
&’k, i &2, and :

k, i=1
|(T!k, i , ’k, i) |
converge. Hence those series and k, i=1(T!k, i , ’k, i) converge, to respec-
tive sums that do not depend on the ordering of the terms of the series.
Writing x=(xn)n=1 and y=( yn)

n=1 , we now see that x and y belong to
H , and that
f (T )= :

k, i=1
(T!k, i , ’k, i)= :

n=1
(Txn , yn)
for all T # R. Q.E.D.
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